The most well known algorithm with increasing digits is Engel series. Recently it was shown that a certain continued fraction algorithm also produces increasing digits. Their stochastic behavior seems to be almost the same as is known for Engel series. In this note a whole class of algorithms with increasing digits is given. However, with proper choice of a parameter the stochastic properties are different from the already mentioned examples.
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The most well known example of an algorithm with increasing digits is Engel series. This algorithm is induced by the map T : 0; 1 ! 0; 1 TðxÞ ¼ ðk þ 1Þx À 1, 1 kþ1 < x 1 k , k ! 1 (see e.g. GALAMBOS, 1976; PERRON, 1960) . HARTONO et al. (2002) and KRAAIKAMP and WU (2003) consider the continued fraction like map S : 0; 1 ! 0; 1
Surprisingly, the ergodic behavior of both maps is very similar. For both algorithms one finds
(1) lim n!1 log k n ðxÞ n ¼ 1 a:e:. (2) The underlying maps T and S are ergodic with respect to Lebesgue measure.
One wonders if all maps with increasing digits behave in the same way. The aim of this note is to show that there are maps with increasing digits for which property (1) does not hold and property (2) is unlikely to be true. Let
Then we define the generalized continued fractions by the map
As usual we also consider the continuous extension
The parameter ¼ ðkÞ should satisfy ðkÞ þ k þ 1 > 0. Some elementary calculations show
kþ1þ . We distinguish three cases (1) Àk À 1 < < 0: Then the pole of T satisfies
(1.1) Àk À 1 < < Àk: T has a fixed point
(1.2) Àk < 0: T has no fixed point in the open interval
(2) ¼ 0: Then T 0 ðxÞ ¼ ðk þ 1Þx À 1 is the map associated with Engel series. (3) > 0: Then
T has no point of intersection with the line
T has a point of intersection with the line
As usual we define k s ðxÞ ¼ k if T sÀ1 ðxÞ 2 BðkÞ. Then the digits satisfy k 1 ðxÞ k 2 ðxÞ k 3 ðxÞ . . . .
The local inverse branches of T are given as
Therefore we find
where the numbers A s , B s , C s , D s satisfy the relation ðk sþ1 ¼ bÞ
Therefore
Continued Fractions with Increasing Digits
A further calculation shows
We now suppose: ðkÞ ! ð1 þ Þðk 2 þ kÞ for some constant > À1.
Theorem. For almost all x we find k sþ1 ! k 
Remark. Note that the condition ! ð1 þ Þðk 2 þ kÞ for a constant > À1 includes all maps from case (3.2) and a range within case (3.1). It is very likely that these maps are not ergodic (compare known results on Sylvester series).
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We now suppose Àb À 1 < ðbÞ Àb À for a constant 0 < < 1. We introduce the sets 
Next we estimate the ratio
This shows that
We now consider maps for which we can show that they are ergodic.
Theorem. Suppose there is a constant 0 < 1 such that jðbÞj b 1À , then T is ergodic with respect to Lebesgue measure.
Continued Fractions with Increasing Digits
Proof. We follow the ideas outlined in HARTONO et al. (2002) 
We claim D s k s C s . This is true for s ¼ 1. Furthermore
We prove by induction the following three inequalities
Note that for any w with 0 w < k
We further calculate
Since b ! k s and D s < 0 we get
We could also replace the constant 2 on the right-hand side by cðÞ, say and we obtain 
For s ¼ 1 we need a more careful estimate.
Continued Fractions with Increasing Digits
We calculate
Since bdðb þ 1Þ ¼ ðb þ 1ÞdðbÞ À ðbÞ we obtain dðb þ 1Þ 
